DYNAMICAL AND CURVATURE TRAJECTORIES IN SPACE

BY
JOHN DEeCICCO

1. Dynamical trajectories. Kasner in his Princeton Colloquium Lec-
tures(?) studied the geometry of the dynamical trajectories in the plane and
in space. In the plane, a completely characteristic set of five properties were
obtained; and in space, a completely characteristic set of four properties were
given.

Consider the motion of a particle of unit mass in space under the action
of any positional field of force. The general equations of motion are

1) d*x[dt® = ¢(x, 3, 3), d*y/dt* = Y(x, y,3), d%/di* = x(=, ¥, 2),

where (¢, ¥, x) are the rectangular components of the force acting at any
point (x, v, 2).

The total number of trajectories for all initial conditions is «5. By elimi-
nating the time ¢ from the equations (1), it is found that the dynamical
trajectories of a positional field of force in space are given by the «8 integral
curves which are the complete solutions of the Monge equation of second
order(?)

" X~ z,¢ "
Ty—ys
solved together with the Monge equation of third order
@t Yt ) — Y+ Yo+ PN, 3¢
- v—e T
2. The curvature trajectories. We begin with any system of «4 curves:
(not all straight lines). Any such system of «* curves may be given as the

complete solutions of the simultaneous pair of Monge equations of second
order

4) y' =¢F, 3"’ =K,

@

"2

(3) ylll

Presented to the Society, November 26, 1943; received by the editors July 1, 1944.

(*) Kasner, Differential-geometric aspects of dynamics, Amer. Math. Soc. Colloquium Publi-
cations, vol. 3, 1913, 1934. Also see a series of papers in Trans. Amer. Math. Soc. vols. 7-11
(1906-1910).

(?) Throughout this paper, primes denote total differentiation with respect to x, whereas
the subscripts x, ¥, 2, ¥’, 2/, denote partial differentiation with respect to eachof the five
variables,
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where F and K are functions of x, ¥, 2, ¥’ and 2’. (The differential equations
of x4 curves, not all straight lines, may always be written in these forms by
appropriately interchanging y and 2.) A curvature trajectory of this family is a
curve which is drawn so that at each point it has the same osculating plane
as, and also ¢ times the curvature of, the member of the family to which it is
tangent at that point, ¢ remaining constant along the trajectory. For a given
value of ¢ there will be a set of «4 curvature trajectories, one in each direction
through each point. By varying ¢, there result «?! such sets. Hence a given
quadruply-infinite family (4) generates a quintuply-infinite family of curva-
ture trajectories, which are defined by the pair of simultaneous differential
equations

() =Ky Y =@E+yF+ )y + Fy + KF)Y"

Kasner has discussed the innate projective character of dynamical families
in the Princeton Colloquium. The concept of curvature trajectories is also
projective. This is an immediate consequence of Mehmke’s theorem, which
states that if two curves are tangent at a point, the ratio of the curvaturesis a
projective invariant. This theorem demonstrates that the entire process of
construction of curvature trajectories has projective meaning.

3. The three-dimensional type (G). Now it is observed that the =& dy-
namical trajectories defined by (2) and (3) and the curvature trajectories
defined by (5) are all special cases of systems of «5 curves of the three-dimen-
sional type (G) given by differential equations of the forms

g = K(x, Yy 2, y', Z')}’”r

6
( ) ylll - G(x’ y, 2, yl’ zl)yll + H(x' y, z' yl’ zl)yllz.

Kasner has shown that such systems of «% curves of the three-dimensional
type (G) are characterized geometrically by the following two properties(®).

PropPERTY I. The «! curves which pass through a given lineal element E
all have the same osculating plane.

ProperTY 1II. If the osculating spheres are constructed at the lineal ele-
ment E to the «?! curves passing through E, the centers describe a straight
line.

4. The statement of the problem. This common resemblance between dy-
namical and curvature trajectories suggests the problem of determining all
quintuply-infinite systems of curves in space which are at once dynamical and
curvature trajectories.

Kasner has completely solved this problem in the plane. The appropriate

(%) See Kasner and DeCicco, Generalized dynamsical trajectories in space, Bull. Amer. Math.
Soc. abstract 49-3-120; Duke Math. J. vol. 10 (1943) pp. 733-742. Also see DeCicco, Extension
of certain dynamical theorems of Halphen and Kasner, Bull. Amer. Math. Soc. vol. 49 (1943).
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families in the plane are exactly the trajectories of all central or parallel fields
of force(*).

It is our purpose to consider the above problem in space. We shall prove
the following result.

FUNDAMENTAL THEOREM. The systems of «b curves which are simultane-
ously dynamical and curvature trajectories are the dynamical trajectories of the
Jollowing three distinct types of fields of force:

(I). Those whose lines of force all lie in a pencil of planes.

(I1). Those whose lines of force are orthogonal to a family of 2 circular
helices, all of which possess the same axis and the same period.

(III). Those of the central or parallel type.

Thus the answer in space contains more types than in the plane. We note
that each of these types is projectively invariant.

5. The beginning of the proof of our Fundamental Theorem. We proceed
with the proof. First let @ and 8 be functions of (x, ¥, ) defined by

(6) a=y/¢, B=x/¢.

Thus (1, , B) are the direction numbers of the line of force of the force acting
at the point (x, ¥, 2). Therefore the differential equations (2) and (3) defining
the «5 dynamical trajectories may be written as

z” = B _ ZI ”’
0 «
ylll —_ [a’ + ylaﬂ ',l- g, + ¢+ y,¢v + zl¢s] y” _ 3 : sz.
a—y ¢ a—y

For the trajectories of (5) and (7) to be at once dynamical and also curva-
ture, it is seen that we must have

g—3 3
K= -y Fy+ KFy = — =)
® oa—y a—y
z ! ,t z d Z’l
F,+y’F,,+z’F.=a +yau+za+¢ + ¥'éy + 7'¢s

a—y ¢
By the first two of the preceding equations, it is seen that the most gen-
eral form of F is

9 F = 3 log (@ — ¥') + log ¢ + 2 log G(x, v, 3, K),
where G#0.

(Y) Kasner, Dynamical trajectories and curvature trajectories, Bull. Amer. Math. Soc. vol. 44
(1934) pp. 449-455. Also Comenetz, Amer. J. Math. (1935). DeCicco, Dynamical trajectories of
the curvature type, Proc. Nat. Acad. Sci. U. S. A. vol. 29 (1943) pp. 268-270.
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Substituting this into the last of equations (8), we find
a; + yay + 2a,

_.y’

1
(10) + T [G:+ ¥Gy+ 5G,) + Gx(K. + yKy+ 5'K,)] = 0.

Next eliminating the partial derivatives of K from the above equation by
means of the first of equations (8), we find that the preceding equation be-
comes

(@ = ¥)Gs+ ¥Gy + 5G.) + Gaz + Yoy + 2'as)
+Gx[(Bs + ¥'By + 5'8:) — K(az+ y'ay + g'a)] = 0.

Now upon eliminating 2’ from this equation and the first of equations (8),
we find

(@ — ¥)[{G. + (8 — Ka)G.} + ¥'{G, + KG.}]
(12) +Gl{a:+ (B — Ka)au} + ' {ay + Kas}]
+Gx[{(8: — Ka.) + (8 — Ka)(8, — Ka)}
+ y'{(8, — Ka,) + K(B, — Kas)}] = 0.
This is an identity in y’. We obtain the equations
Gy+ KG, = 0,
(13) Glay + Ka) +Gx[(8y + KB.) — K(ai + Ka)] = G+ (8 — Ke)G,
G(as: + aay + Be.) + Gx[(B: + aBy, + B8:) — K(a: + aay + Ba,)] = 0.

These are the equations that we must solve for G(x, y, 2, K), a(x, y, z) and

B(x, y, 2).
Now we shall change the independent variable 2z to the new independent
variable # by the substitution

(14) z2=1u+4 Ky.

Therefore G, a, B all become functions of (¥, ¥, %, K) satisfying the simultane-
ous partial differential equations

(11

Gv =0, ag = Yoy, Bk = yﬂu’
Gay + Gx(By — Kay) = G+ Gu[(B — Ka) + y(8y — Kay)),
[az + aay + (8 — Ka)au][G — KGx — 5G]
+ [8:+ aBy + (8 — Ka)Bu][Gx — ¥G.] = 0.
The second and third 'equatio‘ns are the conditions that & and 8 be independ-
ent of K when the variable # is changed back to z by means of (14).
It must be emphasized that by means of the transformation (14), the inde-

pendent variables (x, ¥, 3, K) have been changed to a new set of independent
variables (x, y, #, K), and therefore the partial derivatives appearing in equa-

(15)
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tions (15) are entirely different from the similar ones appearing in equations
(13).

Thus we have G=G(x, %, K) only. Integrating the fourth of the pre-
ceding equations with respect to ¥ and rearranging the terms, we find

(16) (G — ¥GJ)B = a[— G+ KGr — yGu)] + [sz + H(x, u, K)]

6. Case 1. Gk —yG,=0. We discuss the case where the coefficient of 8 in
the preceding equation is identically zero. Thence G =G(x) only and we have
from the above equation that

1) a = (1/G)(yG. + H).

Substituting this into the condition ax = ya., we discover that H is a func-
tion of x only; so that in the above G=G(x) and H=H(x).

Finally substituting the above into the last of equations (15), we find that
G+ H,=0. Hence « is of the form

(18) a = (a0y + co)/(a0x + bo),

where (ao, bo, co) are constants.

If ao=0, the lines of force lie in a pencil of parallel planes, all of which are
parallel to the z-axis. If a0, the lines of force lie in a pencil of planes with
axis x = —bo/ao, ¥y = —co/as, which is parallel to the z-axis. Thus Case 1 be-
longs to the Type (I) of our Fundamental Theorem.

7. The case where Gx —yG,70. Henceforth we may assume that G is not
a function of x alone. Then we can solve (16) for 8 obtaining

(19) B=a[———G——+K]+—y-GiH—-
Gk — G« Gk — G«
Substituting this into the equations Bx =yB. and ax =ya., we find
G(¥’Guu — 2)Gux + Gkr)a
(20) = $¥G:Guu — GiGzu) + Y*(GxG v + GuGx — 2GGux — GuHu + HGuw)
+ 3G Grr — GxGax + GxHu + GuHx — 2HGux) + (HGxx — GxHx).
8. Case 2. y’Guy—2yGux+Grx =0. In this case, the above equation must
then be an identity in y so that
21) Guw = Gurx = Ggx = GGz = GxkHk = 0,
GuG:xx — H,) =0, Gg(G.x — H.,) —GuHg = 0.

If G.5£0, these equations become equivalent to the equations

Guu=GuK=GKK=qu=HK=0o

22
(22) G:x — H, = 0.
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'On the other hand if G,=0, then Gg70. For otherwise G would contain %
only. Hence from (21), we again obtain the preceding equations. Thus in all
cases we have the above conditions.

The equations (22) show that G and H are given by expressions of the
forms :
23) G =eu-+ aK + ¢,

H=au+ )\,

where e, is a constant and (g, ¢, ) are functions of x only. The equation (19)
then becomes

(24) g = a[eo(u + Ky) + 6] + [y(a,K + ¢2) + (a.u+ X)].

a — ey a — éoy

Finally substituting the above into the last of equations (15), we find that
the terms containing « disappear, and we find the identity

(25) y(azzK + sz) + (azz?‘ + xz) = 0.

From this we find @,z =c;, =\.=0. Therefore a =a¢x-+bo, ¢ = —cox —do, A=No,
where (o, bo, ¢o, do, No) are constants. Hence « and 8 satisfy the single relation

(26) a(eoz — Cox — do) - ﬁ(eoy — Q¥ — bo) + (Coy - @o% — )0) = 0.

Let us first of all consider the case where e,=0 and a,=0. Then since G
is not a function of x only, we see by (23) that by0. In the above equation,
we may then divide by by and so take bo=1. The above then becomes

27 B = alcox + do) — (coy — o).

If ¢o=0, the lines of force lie in the family of parallel planes z=X\ex+doy
+const. These fields of force then come under the Type (I) of our Fundamen-
tal Theorem.

Next let ¢o70. Apply the translation

(28) X=zx24+ do/Co, Y= y - ),\o/Co, Z=3z

to the equation (27). Thence we have the relation B=cy(4X—Y), where
(1, 4, B) are the direction numbers of the line of force acting at the point
(X, Y, Z). The lines of force are then orthogonal to the system of 2 curves

(29) dX/Y =dY/— X = cdZ/1.
Integrating the preceding equations, we find
(30) X = rocos co(Z — Zy), Y = rosin co(Z — Zv),

where 7o and Z, are the two constants of integration. These are then a system
of «? helices with the same axis whose equations are in the old coordinate
system x = —do/co, ¥y =MNo/¢o and with the same period 2mw/c,. Therefore the
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fields of force for the case ¢y0 come under the Type (II) of our Funda-
mental Theorem.

Next suppose that ¢, =0 but ao70. We can divide (26) by a, and therefore
@9 can be taken to be unity. Hence (26) may be written in the form

+co)+——————z_‘°”+>‘°-

X — %o

3D 8= a(

If 60=0, the lines of force lie in the pencil of planes with axis x=uz,,
2=coy —Ao. These fields of force come under the Type (I) of our Fundamental
Theorem.

Next consider the case where §,70. Let us apply the rigid motion

doc - A
32 Xez—mt 2, ypodtm —, -tk
144 1+ 1+ e
to our equation (31). We find that it can be written in the form
(33) (14 c)XB = sud + (1 + cr)Z,

where (1, A, B) are the new direction numbers of the line of force acting at the
point (X, ¥, Z). The lines of force must therefore be orthogonal to the «?
curves defined by

(34) dX/Z = (1 + co)d¥ /8o = dZ/— X.
Integrating, we find the «? helices
(1 + ¢ 1+4co
35 X=rocos o Dy vy, Z=resin ity _ vy,
[} 0

where 7o and Y, are the constants of integration. These are a system of «?2
helices with the same axis x =xo— 8oco/(14-¢2), 2=coy —N\o, and the same pe-
riod 278,/(1+c3). Thus these fields of force come under the Type (II).

Finally let us consider the case where €,0. Upon dividing (26) by e,,
we may then take e, to be unity. It is found that (26) may be written in the
form

(36) (@ — a))(s — cox — do) — (B — co)(y — aox — by) = E,.

If E¢=0, this means that the lines of force all lie in a pencil of planes with
axis y=apx+bo, 2=cox+do. These fields of force come under the general

Type (I).
We next discuss the case where E¢0. Let R, be the rigid motion
x4 ao(y — b ax— (y— b
(37) RI:X1=—+—°—(Z——‘)); yl=w, Zy = 5 — do;

(1 + ag)llﬁ (1 + a? 1/2
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and let R; be the second rigid motion

_tw taz 6oFo
1+ a+ P2 ’ T+ a1+ a% + ¢) ’
(38) (] 2.1/2 0 0
- coX14+ (14 a0) Z, aoE, )
1+ a+ )12 (A4 a1+t + )]

Upon applying the product R=R:R; of these two rigid motions to (36), we
find that it becomes

(39) YB = ZA + Eo/(1 + ag + co),

where (1, 4, B) are the new direction numbers of the line of force acting at
the point (X, ¥, Z). Therefore the lines of force are orthogonal to the system
of =2 curves given by

(40) (1 + a0 + co)dX/Eo = d¥/Z = dZ/— V.
The integration of these yield
2 2 2 2
1 1
(1) Y= rocos( + :;-l- ) (X —=Xo), Z=r10 sin(-'-—aE"-l-@. (X — Xo),
0 0

where ro and X, are the constants of integration. This is a family of «2 helices
with the same axis whose equations are in the original coordinate system
2 2,
y = aox + bo + coEo/(1 + ao + co),
y 2 2
2 = cox + do — aoEo/(1 + a0 + ¢o),

and with the same period 27E,/(1+aj+¢;). Thus these fields of force come
under the general Type (II) of our Fundamental Theorem.

9. The case where y2G,,—2yG.x+Ggrx 0. Substitute the value of § as
given by (19) into the last of equations (15). We obtain the quadratic equa-
tion in «

G’(yG.m - GuK)f’l2 + G[Z(sz + H)(GuK - yGuu)
+ Gx = %) {Gox — Hu) — 256z} Ja
+ (GK - yGu)z(szi + Hz) - (sz + H)z(GuK - yG“u)
— Gx — 569G + B)[Gox — H.) = 25Gau] = 0.
Now substitute the value of « as given by (20) into the preceding equa-

tion. The elimination leads to a polynomial of the seventh degree in ¥ which
must be identically zero. Setting the coefficient of y7 equal to zero, we find

(42)

(43)

(a4) G'GUGuu(GsGun — Goa) = 0.
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We shall prove that G..=0. Assume the contrary. By (44), it then follows
since G..#0 that the surface G=G(x, %) in the space with cartesian coordi-
nates (x, %, G) is developable. Hence G is given parametrically by the equa-
tions

G = f(+, K) + f.(+, K)(u — 7),
x = g(r, K) + g:(r, K)(u — 7),

where the subscript 7 denotes partial differentiation with respect to 7 only.
The second equation defines 7 as a function of x and « only (provided that
2-+7%0). Its partial derivatives and also those of G are

(45)

Tz = l/g?‘f(u - T)’ Ty = — gf/grf(u - T);
G: = ffr/gfn Gu = ff - grfff/grr-

Next the function « as defined by (20) must satisfy the differential equa-
tion ag =yo,. Substituting this value of « into it, we discover a polynomial
of the sixth degree in y which must be identically zero. Upbn setting the coeffi-
cient of »°® equal to zero, we find

@) 5";[% (a, - GGG)] —o.

Substituting (45) and (46) into the preceding equation, we find that it
becomes

@ i) =

The expansion of this yields the fact that f.g,,—f..g.=0. By (46) this means
that G, =0. This contradiction shows that in all cases Gu,=0.

Since Gu.=0, we find upon substituting the value of a as given by (20)
into (43) a polynomial of the sixth degree in y which must be identically
zero. Upon setting the coefficient of ¥® equal to zero, we obtain

(49) 366G oGux = 0.

We shall prove that G..=0. Suppose the contrary so that G..0. Then
G.x =0 and Ggx 0. Therefore upon substituting the value of « as given by
(20) into (43), we discover a polynomial of the fifth degree in y which must
be identically zero. Upon placing the coefficient of y° equal to zero, we find

(50) 266Gy = 0.

This is a contradiction of the fact that G,,0. Hence in all cases Guu=Gz.=0.
Under these conditions, we now find from (20) that « is given by the
equation

(46)
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G(— 2yGuk + Grr)a = y*(GuG:x — 2G.Gug — GuH.)
(51) + ¥(G:Gxx — GkG:x + GxHu + GuHx — 2HG.x)
+ (HGxx — GrHx).
Substitute (51) into (43). We obtain a polynomial of the fifth degree in ¥.
The leading coefficient must be zero so that
(52) 4GGLG.Gux = 0.

10. Case 3. G.,#0. In this case, we find from the preceding equation that
G.x=0. Upon eliminating « from (51) and (43), we obtain a quadratic equa-
tion in ¥ which is identically zero. Upon placing the coefficient of y? equal to
zero, we determine

(53) (GzK - Hu)2 = G“GKK.

Next upon placing the value of a as given by (51) into the differential
equation agx—7ya,=0, we obtain a cubic equation in y which is an identity.
Upon setting the leading term equal to zero, we discover in conjunction with
(53) and the other conditions that

d u\UzK — «, 2 : zz
(54) _[‘M] - i[‘i?_] - 0.
ou GGxx oulLG'Ggx

Carrying out the differentiation, we discover that G,=0. Therefore G de-
pends upon x and K only.

The equations (20) and (43) become in this case

GGkka = y[G.Grx — Gx(Gx — H.)] + (HGrx — GxHx),
GG.x — Hu)a = y[G.G.x — H.) — GxG..] + [HG:x — H.) ~ GxH.),
where, of course, G=G(x, K) only, Gkx 0, and G.,#0.

Eliminating o from these two equations, we obtain a linear equation in y
which must be identically zero. Also using the fact that «a as defined by the
first of the preceding equations satisfies the equation ax =ya,, we find that in
totality G and H must satisfy the four partial differential equations

G.x — Hu)* = G..Gkx,  Hx(G:x — H.) = H.Grx,
(56) GGxx — Gx(G:x — H.) = GGgx(aK + b),
HGxrx — GgHg = GGgx(au + ¢),

(55)

where (a, b, c¢) are functions of x only. We shall now consider this system of
partial differential equations.

In the first place, it is noted that by solving the first of equations (56)
for H,, the expression H, is independent of ». Hence H is linear integral in %
with coefficients functions of (x, K) only.
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Integrating the last of equations (56) and using the fact that H is linear
integral in %, we see that H is given by an expression of the form

(57 H = (au + ¢)(G — KGk) + Gx(du + f),

where d and f are functions of x only.

Substituting this value of H into the third of equations (56) and integrat-
ing the result with respect to K, we find that G must satisfy the first order
partial differential equation

(58) G: = (aK + b)(G — KGg) + Gx(dK + p),

where g is a function of x only.
By equations (19), (55), (56), (57), and (58), we find that « and 8 are
given by

(59 a=az+ by + ¢, B =dz+ gy + f,

where, of course, (a, b, b, d, g, f) are functions of x only.
Now by the last of the equations (13), we find that since Gxx #0, the func-
tions a and B must satisfy the two first order partial differential equations

(60) a:+ aay+ fa, =0, B+ afy + 8. = 0.

Substituting (59) into these equations, we obtain two linear equations in y
and z which must be identically zero. Thus we obtain the equations

a;:+ab+ad)=0, b.+b+ag=0, ¢c.+bc+af=0,
d:+d*+ag=0, g.+glb+d) =0, f.+cg+df=0.

Next substituting (57) into the second of equations (56), we have upon
equating the coefficients of u

aG. = [a(aK — d) — a.](G — KGg) + Gk[d(aK — d) — d.],
G = [a(cK — f) — ¢.)(G — KGx) + Gx[d(cK — f) — f.].
Eliminating G, from (58) and (62), we find upon making use of (61) and the
fact that Gxx 0 that a must be a constant.

Therefore by. (61) either a or (b+d) is zero. We shall divide these possi-
bilities into various cases.

First let a =a,0. Thence by (61), we have d = —b = —b, where b, is con-
stant. From (61), we also have
(63) g= - bzo/ao, c=cox+ ¢, f= — (1/a0)[co+ bolcox + ¢1)],

where (aq, bo, co, 1) are constants. Substituting these into (59), we find that
a and B are given by

(64) a=az+by+cx+c, B=— (1/a0))(boax + co).

(61)

(62)
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The lines of force are therefore the straight lines
(65) @z + boy+cox+c1=No, ¥y =Nox+ po,

where (Mo, o) are the constants of integration. Since the straight lines are in
the parallel pencil of planes given by the first of the preceding equations, this
type comes under Type (I) of our Fundamental Theorem.

Next consider the case where a =0 but 70 and d>0. By equations (61),
66) b=1/(x — x0), d=1/(x — x1), c= — yo/(x — %),

g=g/(x — x)(x — x1), f= — yogo/(x — x)(x — %1) — 20/(x — %),

where (xo, %1, ¥, g0, 20) are constants. Substituting these into (59), we discover
that « and B are given by

Y — % 32— %0 go(y — o)
) g =

x— %o x—x1  (x— 20)(x— 29

67) a=

The lines of force are again the straight lines
(68) Y= yo=Xo(x — %), 23— 20+ goho = po(x — 1),

where (\g, o) are the constants of integration. Since the straight lines are in
the pencil of planes given by the first of the preceding equations, this type
comes under Type (I) of our Fundamental Theorem.

Let us now examine the case where a =b=0 but d>0. By equations (61),

1 4] cogox + 2o

g ’ ¢ = ¢, f=——7"-:

X — %o X — X X — %o
From (59), we find o= co, 8= [(2—20) +go(y — cox) ]/ (x —xo). The lines of force
are then the straight lines

(70) ¥y = ¢ox -+ \o, %3 — %0+ goho = uo(x — x0).

These are straight lines parallel to the plane y=cex and intersecting the
straight line x =x, 2= —goy+2o+cogoxo. These come under the Type (I) of
our Fundamental Theorem.

Again let us examine the case where a =d =0 but b>0. By equations (61),

(69) d=

) =

1 go = % — Yoo
y = y €= ’ f=
X — X0 X — %0 X — X0 X — %o

(71) b= + fov

where (xo, ¥, g0, fo) are constants. The functions o and $ are given by
a=(y—y0)/(x—x0), B=fo+gea. The lines of force are the straight lines
(72) y— =X x— %), 2= (fo+ gNo)x -+ o

These straight lines are in the pencil of planes given by the first of the above
equations. Thus we have again the Type (I) of our Fundamental Theorem.
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Finally let a=b=d =0. By (61), we find that ¢ and g are constants. The
functions a and B are

(713) a = ¢y, B = go(y — cox) + fo,
where (co, go, fo) are constants. The lines of force are the straight lines
(74) ¥y = cox + No, 2 = (goho + fo)x + po.

These straight lines are in the parallel pencil of planes given by the first of
the above equations. Thus these come under the Type (I) of our Fundamental
Theorem.

Thus the full discussion of Case 3 demonstrates that we have but special
cases of the Type (I) of our Fundamental Theorem.

11. All the remaining cases are such that

(75) Gi:=Gzu= Guu = 0.

Under these conditions, substitute the value of a as given by (51) into
(43). The result is a polynomial of the fourth degree in y which is an identity.
The leading term is zero so that we find
(76) GGiGux|Gox — H)' + 4H.Gux] = 0.

12. Case 4. G,x#0. Upon substituting (76) into (43), we find that (43)
becomes a perfect square. Upon solving this perfect square for o, we find
) 2GGuga = G.x — H.)(Gr — ¥Gu) + 2Gux(¥G. + H).

Upon eliminating o between (51) and (77), we obtain a quadratic equation
in y which must be an identity. Upon setting all the various coefficients equal
to zero, we obtain the two partial differential equations in G and H

G:xk — H.)®+ 4H.Gux = 0,
Grx(G:x — Hu) + 2HkGurx = 0.

Next the value of « as given by (77) must satisfy the equation ax =ya,.
Therefore it follows that

- Gu(GzK - Hu) + ZGJ(;uK = 2GGuK(aI( + b),
Gx(sz - Hu) + 2HG.k = ZGG,.K(au + c),

where (g, b, ¢) are functions of x only. We can solve the preceding two equa-
tions for (G.x—H,) and H obtaining the relations

(78)

(79)

26 26G
Gux — Hy = GG 2008 k4 ),
Gu Gu
(80) GG GG
H=Glou+ o) + GK (oK +8) — K.
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Eliminating H from these two equations, we find

G:x — aG — Gyu(au + ¢) — Gx(aK + b)

(81) GGuK GzG uk
+ oK + b) —
G ( ) G,
Differentiating this partially with respect to %, we find —2aG,=0. Hence in
all cases we have a=0.
Upon substituting @ =0, we can solve (81) for ¢. Substituting this value of
¢ in (80), we obtain the following expressions

Gut = GuGix — GoGux) + b(GGux — GuGr),
GoH = G(GuGx — GGur) — GoGuGx + bG'Gux.

= 0.

(82)

This value of H will of course satisfy the second of equations (78). Upon sub-
stituting this value of H into the first of equations (78), we find

(83) 24+ b.=0.

Let us first of all consider the case where b=0. We know that in all cases
G is given by the expression

(84) G = zl(K) + um(K) + n(K),

where (I, m, n) are functions of K only. From the first of equations (82), we
discover that ¢(x) = (lgm—Img)/m?. Therefore c=cy and I=(c,K+c;). The
functions G and H are then given by

G =m[(c)kK + c)x + u] + n,
H = CoG - (GoK + Cl)Gx.

Substituting these into the equation (77) defining o and into the equation (19)
defining 8, we discover that a=cy and 8=c;. Thus the field of force is of the
parallel type as given by Type (III) in our Fundamental Theorem.

Next consider the case where b0. From (83), we find that b =1/(x—x,),
where x, is a constant. By the first of equations (82), we find upon using (84)
that

(85)

x00(l/m)/0K + d(n/m)/dK )

(86) o(x) = — 2

From this, we deduce that
c=—y/(x— 2)), n=—xd+ (3K — z)m,
87 G = Uz — x0) + m(u + yK — 2,
m?H = G(mlg — Img) — ImGg + mxG?/(x — xq).
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Substituting these into the equation (77) defining « and into the equation (19)
defining 3, we find

(88) a=(y—9y)/(x—x0), B= (s~ 20)/(x— ).

Thus in this case we have the general central fields of force yielding the Type
(I1I) of our Fundamental Theorem.

13. Case 5. G,x=0. In this case the equation (51) defining @ now assumes
the form

GGrra = y’Gu(G.x — H.) + y[G.Gxx + GuHx — Gx(G.x — H.)]
4+ (HGkxk — GxHrk).

The equation (43) becomes

(90) G@G.:x — Hu)a = — H.(Gk — ¥Gu) + (9G: + H)(G.x — H.).

Assume G, 0. Upon eliminating a from the preceding two equations, we
obtain a quadratic equation in y which is an identity. Upon setting the vari-
ous coefficients equal to zero, we find

1) Gk —H,=0, H.,=0.

(89)

If G.=0, we discover upon eliminating « a linear equation in y which must
be identically zero. Upon setting the coefficients equal to zero, we find that
the equations (91) are valid whether G,#0 or G, =0.

By (91), it follows that H is given by

(92) H = ulg + f(K).
By (84) and (89), we find that, since « must satisfy the equation ax =ya,,
G and H must satisfy the two equations
IGkx + mHx = GGgx(aK + b),

93
( ) HGgx — GxHxk = GGKK(M‘ + c),

where (a, 0, c) are functions of x only.
Observe that Gug =mx=0. Hence m =m,, a constant. Substituting (84)

and (92) into the preceding equations, we find
l(krx + nxx) + mo(ulzx + fx) = (Ix + mou + n)(lxkxx + nxx) (@K + ),
(94) (ulx + f)(xxx + nxx) — (Wlxx + fx)(xx + nx)
= (Ix + mou + n)(lkxx + nxx)(ou + c).
The preceding equations must be identities in #. Upon setting the coeffi-
cient of u? in the last of the above equations equal to zero, we find
amo(lxkxx+nxx) =0. Since Grr =Ilgxx+ngx#0, we discover that am(=0.

We shall prove that a =0. For suppose this is not so. Since a0, it follows
by the preceding paragraph that me=0. Upon setting the coefficient of the
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first degree term in % of the last of the equations (94) equal to zero, we find
(95) lgngx — lggng = a(lx + n)(lxkxx + nkx).

If Ixkx 70 so that I5£0, it follows from this that the ratio n/l is constant
(since @ must be a function of x only). But this will make the left-hand side
of the preceding equation zero and hence ¢ =0. This contradiction shows that
lKK = 0.

Since lggx =0, it follows that ngx 70 since Grx =lkxkx+nxx 0. The equa-
tion (95) may then be written as

(96) Ik = a(lx + n).
Now if Ix#0, we see from this equation that lx/! must be constant. Hence
since lxkxk =0 and Ig/l is constant, it follows that /g =0. It therefore follows
that ¢ =0. This is impossible so that in all cases we have proved that a =0.

Since ¢ =0, we find that the equations (94) are equivalent to

kg = (Ikxx + nxx)b,
I(lxxx + nrx) + mofx = (Ix + n)(xxx + nxx)b,
lgnkx — lxkxng = mo(lxkxx + nxx)c,

f(lxxx + nxx) - fx(lxx + nx) = (lx + n)(lxxx + nxx)c.

First let us consider the case where my=0 and /=0 so that ngx 0. From
the preceding equations, we find

97

(98) b=0, rnngxc= fngx — frnx.

Thus the quantity ¢ must be a constant ¢,. Integrating the above differential
equation, we find

(99) f = con — coKng + cink,

where ¢ and ¢; are constants. By (89), (92), (93), and (19), we find that e =c¢o
and B =c;. Therefore this case yields a parallel field of force and belongs to
the Type (III).

Next let us consider the case where mo=0 and /0. From the first three
of the equations (97), we find

(100) nlkx — Ingg = 0, nglgx — lxkngx = 0.

Since lkx and ngx are both not zero, it follows from these equations that
Ing —nlg=0. Since 170, we find that n= —x where %, is a constant. The
equations (97) may be written as

1 _ Ixxf — Ikfk

x — xo, - lgxr(x — o)

(101) b=

Of course lkx 0 since Gxx =lgx(x —%0) #0. Since ¢ is a function of x only,
we then find
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(102) Ikxf — Ixfe = — yollgx,

where y, is a constant. The integration of this yields

(103) = — vyl + lk(y0K — 20).

By (89), (92), and (19), we find

(104) a=(y—y)/(x— %), B=(3—20/(x— x).

Thus we obtain the central fields of force and these belong to the Type (III).
Finally we discuss the case where m>0. The equations (97) are then
equivalent to

lkx = (lkxx + nxx)b,
(105) Ikngg — lgkgng = mo(lxkxx + nxx)c,
mof = nlx — Ink.
If Ixx =0 so that I =1oK <41, then ngx 0. Hence b=0, c =1y/ms,,
G = (K + L)z + mwu + n(K), and H = lau + (1/mq)[nlo — nx(lK + 1,)].
The values of @ and 8 are then
(106) a=l/m, B=—lL/m.

Thus we have the parallel fields of force of the Type (III).
Finally let lxkx 0. By the first of equations (105), we see that ngx/lxx
is constant. The integration of this yields

(107) n = — 2ol + moyeK — moz,,
where (x0, ¥0, 20) are constants. The equations (105) are then equivalent to
b=1/(x — %), ¢= — y/(x— x0),
f = lg(yK — 20) — vl
By (89), (92), (93), and (19), we find
(109) a=(y— y)/(x— %), B=(3— 20)/(x— x0).

Thus the final case belongs to the Type (III).

14. Conclusion. Our Fundamental Theorem has been completely proved.
In conclusion, it is noted that the three distinct types of our theorem may be
characterized in the following way. They are those families of dynamical tra-
jectories whose 8 curves can be analyzed into a series of sets, each set con-
taining «4 curves, in such a way that one of the sets will generate the others
by the simple process of multiplication of curvatures described above.

(108)
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